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Understanding variance-covariance structures - simple and more complex 
 

 
Objectives: 
 
 Introduce the direct product operator  for variance-covariance structures V 

 Show how simple variance-component models can be formulated using  

 Show how more complex models can be formulated using  

 

Why? 

 Because ASReml-R uses this formulation 

 You can't intelligently talk to ASReml-R without being familiar with this 
operator 
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General formulation of mixed model 

 
y = X + Zu + e 
 
with 
 
 e  MNV(0,R),  
 
u  MNV(0,G), and  
 
y  MNV(X, V), where V = ZGZT + R.  
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Best Linear Unbiased Estimation (BLUE)  
 

  yVXXVX TT 11ˆ    
 
 
Best Linear Unbiased Prediction (BLUP)  
 

 ̂1 XyVGZu T     
 
 
Mixed Model Equations (MME) 
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Kronecker product 

 

= direct product = tensor product 
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Some useful facts about Kronecker products 

 

  111   BABA  

 

   BDACDCBA 
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Randomized complete block design 

 
              yij =  + gi + bj + eij    
 
 
 
            Y =  GEN + BLOCK : BLOCKPLOT 
  
                                        Block model 
      Treatment model 
 

  2var bjb   
  2var eije   
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Matrix formulation 

y = X + Zu + e 
 

Example: 

r = number of complete blocks (replicates) = 2 

k = number of plots per block = 12 

 

,
2

1










b
b

u   ,
10
01

var 22
brb IGu  








 krIZ 1

10
01

1212

1212 









 

 
       222 11111var bkrb

T
kkr

T
krbrkr

T JIIIIIZGZZu    



 

Understanding variance-covariance structures                                                                         Hans-Peter Piepho 8 

Some basic matrices defined 

 

A vector of An identity matrix:  An n  n matrix of 

 n ones: n ones on diagonal ones everywhere 
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  2
24

22var eerkekr IIIIe    

 

 

 

 

 

 

 

 
2
e



 

Understanding variance-covariance structures                                                                         Hans-Peter Piepho 11 

   2222var ekbkrekrbkr IJIIIJIeZu    
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Resolvable incomplete block design (-design) 
 

     Replicate 1          Replicate 2              
 
 1 2 3    1 2 3          Block no.     
 
 4  7  8         4  9  5            
  10  3  1        12  8  3                
  2  12  5        11   7  2              
 6   11  9           1  10  6               
 

                                     plot  

                                     incomplete block 

Block model:               replicate 

 

REP/BLOCK/PLOT = REP : REPBLOCK + REPBLOCKPLOT 
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            yijh =  + gi + j + bjh + eijh    
 
 
 
            Y =  GEN : REP/BLOCK/PLOT 
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Matrix formulation 

y = X + Z1u1 + Z2u2 + e 
 

Here: 
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r = number of replicates = 2 

b = number of incomplete blocks per replicate = 3 

k = number of plots per block = 4 
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Here: 

  ,2322211312112
Tbbbbbbu    ,var 2

2 bbr IIu  kbr IIZ 12   

r = number of replicates = 2 

b = number of incomplete blocks per replicate = 3 

k = number of plots per block = 4 

 
       22

22222 111var bkbr
T
kbrbbrkbr

T JIIIIIIIIZGZuZ  
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  2
11var kbr JJIuZ   
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  2
22var bkbr JIIuZ   
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  2var ekbr IIIe   
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  222
2211var ekbrbkbrkbr IIIJIIJJIeuZuZ    
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Resolvable row-column design 
 

     Replicate 1          Replicate 2              
 
 1 2 3    1 2 3      
 
 4  7  8         4  9  5            
  10  3  1        12  8  3                
  2  12  5        11   7  2              
 6   11  9           1  10  6               
                                                     

                                     plot         row 

                                     column 

Block model:               replicate 

 

REP/(ROWCOL) = REP + REPROW + REPCOL + REPROWCOL 
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           yijhk =  + gi + j + rjh + cjk + eijhk    
 
 
 
            Y =  GEN : REP/(ROWCOL) 
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Matrix formulation 

y = X + Z1u1 + Z2u2 + Z3u3 + e 
 

Here: 
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r = number of replicates = 2 

s = number of columns per replicate = 3 

k = number of rows per block = 4 
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Here: 

  ,2322211312112
Tccccccu    ,var 2

2 csr IIu  ksr IIZ 12   

r = number of replicates = 2 

s = number of columns per replicate = 3 

k = number of rows per replicate = 4 

 
       22

22222 111var bksr
T
ksrbsrksr

T JIIIIIIIIZGZuZ  
 

 

  222
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Here: 

  ,24232221141312113
Trrrrrrrru    ,var 2

3 rkr IIu 

ksr IIZ  13  

r = number of replicates = 2 

s = number of columns per replicate = 3 

k = number of rows per replicate = 4 

 
       22
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  2
22var cksr JIIuZ   
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  2var ekbr IIIe   
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More complex structures: A spatial model 

           yijhk =  + gi + j + rjh + cjk + tijhk + eijhk    
 
 
 
            Y =  GEN : REP/(ROWCOL) 
 

  2var tksrIt   

s = spatial correlation matrix for columns 

k = spatial correlation matrix for rows 
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Ir = 
 

s = 
 

k = 

 

 

 

 

 

 

Ir  s  k =       
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Coding in ASReml-R 

 
Variables in dataframe: 
REP  = replicates 
COL  = columns 
ROW  = rows 
 
                               Ir2

                 s               k 

 

 

residual = ~idv(REP):ar1(COL):ar1(ROW) 

 

 

Important: Data must be ordered by REP, COL and ROW
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Linear variance (LV)      (Williams, 1986) 
 
 

   dtt t   1,cov 2
21 , 

 
tB1 B, tB2B  = trend values on two plots  

d  = the distance of these two plots 

 
 
AR(1) model 
 
 

  d
ttt  2

21 ,cov     10    
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General class of spatial covariance model 
 
 
 

    2
21 varvar ttt      

 
 

   dftt t
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B

 df
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 is some smooth decreasing function of d with B

  10 f
B

.  
 
 
 

Many other models: Gaussian, Spherical, etc.
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Model diagnosis by semivariogram 
 
 
Semivariance: 
 

 2
212

1 yyv    
 
      dfdvE te  122   

 
B

2
t

B

= variance of trend 

B

2
e  B= nugget variance 
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Fig.: Examples of some semi-variogram models. 
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Fig 13: Robust semi-
variogram for wheat data of 
Besag & Kempton (1986). 
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The AR(1)  AR(1) model 
 

  2var tit   

  RC d
R

d
Ctji tt  2,cov   

 

dC = distance between plots i and j in column direction 

dR = distance between plots i and j in row direction 
 

C = correlation between plots i and j in column direction 

R = correlation between plots i and j in row direction 
 

The model is anisotropic because correlation depends on direction 
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  RC d
R

d
Ctji tt  2,cov   

 

 

 

 

        variance                        correlation in column               correlation in row
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Direct product structure 
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Example 

 

Plot A in row 1 and column 2 

Plot B in row 4 and column 3 
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This model is separable 

It has separate structures for rows and columns
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More complex structures: Kinship 

-design: 

            yijh =  + gi + j + bjh + eijh    
 
 
 
            Y =  GEN : REP/BLOCK/PLOT 
 

Independent genotypes Kinship 

 

  2var gvIg     2var gvKg   

 

v = number of genotypes Kv = kinship matrix
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More complex structures: multi-trait model 

 

Three traits: A, B, C 
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Covariances 

  vABBA Igg ,cov  

  vACCA Igg ,cov  

  vBCCB Igg ,cov  

 

Plug it all together: 

  vv

CCBCA

BCBBA

ACABA

IIg 
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More complex structures: multi-trait model with kinship matrix Kv 

 

Three traits: A, B, C 

 

























Av

A

A

A

g

g
g

g



2

1

      
























Bv

B

B

B

g

g
g

g



2

1

      



























Cv

C

C

C

g

g
g

g



2

1

          

 

  vAA Kg 2var        vBB Kg 2var        vCC Kg 2var   


















C

B

A

g
g
g

g



 

Understanding variance-covariance structures                                                                         Hans-Peter Piepho 49 

Covariances 

  vABBA Kgg ,cov  

  vACCA Kgg ,cov  

  vBCCB Kgg ,cov  

 

Plug it all together: 

  vv

CCBCA

BCBBA

ACABA

KKg 
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Sigma and Gamma parameterizations 
 

y = X + Zu + e 
 
with 
 
 e  MNV(0,R)  
 
u  MNV(0,G)  
 
y  MNV(X, V),     where     V = ZGZT + R  
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...2211  uZuZZu   with    ii Gu var  

 

For example:   2var
iuii IGu    and    2var eIRe   

 

Sigma-parameterization: 

22
222

2
111 ...

21 eu
T

u
T IZGZZGZV    

 

Gamma-parameterization: 

 IZGZZGZV u
T

u
T

e  ...
11 222111

2      with  
22
euu ii
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General variance-covariance structure for factorial effect 

 

Effect ABCD..... 

 

         DDCCBBAAe
T
iii ZGZ  2

 

 
This variance-covariance structure is separable for factors A, B, C, D, ...... 
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Separability 
 
 

 BAuAB  
 

 
 
       

 
 
 
 

 
 
corr(u21, u32) = a23  b12 

a11 a12 a13 

a21 a22 a23 

a31 a32 a33 

b11 b12 

b21 b22 


